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1. Consider a three-period binomial financial market with v = 4/3, d = 2/3 and
r = 0 (i.e. the prices have already been discounted). Let the current (time
t = 0) stock price be Sy = 81.

(a) Specify an appropriate outcome space €2 describing the three-period bino-
mial market. Find the risk-neutral probability P* on this Q (that is, give
the risk-neutral probabilities P*({w}) for all outcomes w € Q).

(b) Use the diagram method to price a European call option (on one share of
the stock) with maturity 7' = 3 and strike K = 88.

(c) What is the price of the call option from part (b) at time ¢t = 2 if the stock
price S = 727

(d) For the call option from part (b), find the replicating portfolio (As, b3)
for the third time period if So = 72. How is the time ¢t = 2 value of the
portfolio related to your answer in part (c)?

(e) State the put-call parity and use it to obtain the time ¢t = 0 arbitrage-free
price of a European put option (on one share of the stock) with the same
expiry and strike as the call option from part (b).

2+3+1+4+2=12]

2. (a) Explain what is meant by a complete arbitrage-free financial market.

(b) State a necessary and sufficient mathematical condition for a market to be
arbitrage-free and complete. Introduce whatever notations and assump-
tions you need for that.

B+4=71

3. Let X1, Xo,... be independent identically distributed random variables with a
characteristic function (t) = exp{—|t|*/3}. For each of the statements below,
say if it is TRUE or FALSE, and explain your answers, referring to the basic
properties of characteristic functions or doing necessary calculations.

(a) The distribution of X is infinitely divisible.
(b) The distribution of X is symmetric (about the origin).
(C) EXl =0.

(d) The distribution of (X; + --- + X,,)/+/n converges to a normal one as
n — 00.

(e) The distribution of X; has got a differentiable density.

(f) There is a constant ¢ < 0 such that the distribution of X; +8X, coincides
with that of ¢X;.

24242424243 =13]
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4. Let X1, Xas,... be independent identically distributed random variables with

EX;=0and EXZ=1. Put $o=0, Sy =Sa1 + Xn,n 2 1.

(a) Find the best in mean quadratic predictor for S5 from So.

(b) Using the properties of conditional expectations or otherwise, compute the
conditional expectations E (X} S10) and E (X;| 51, Sz, - . ., S1o)-

(c) Compute the conditional expectation E (S2,,.| S,), n,m > 0.

(d) Give the definition of a martingale in discrete time and show that the
process Z, = S2 —n,n=0,1,2,... satisfies the definition.

Hint. (b) Note that E (X;| Sio) = E (X3| S1) due to symmetry.

24+3+2+3=10

5. It is assumed that, under the equivalent martingale measure, the stock price in

the Black-Scholes model evolves according to the process
S, = 10exp{0.06t + 0.2W,}, t>0, (1)

where {W,}:>0 is a standard Brownian motion process and the time unit is one
year.

(a) Explain, in your own words, what the term “equivalent martingale mea-
sure” means.

(b) Give the volatility parameter o and the spot interest rate r for the model
in equation (1).

{¢) Verify by a direct computation that the discounted stock price process is
a martingale. [Hint: For X ~ N(0,s), one has Ee®X = e¥'#/2))

(d) Write down the payoff function of a European put option (on one share of
the stock) with maturity T = 1 and strike K = 11.

(e) Write down the time t price of the put from part (d) in the expectation
form and demonstrate how to compute it when ¢t = 0 (you don’t need to
finish the calculation—just outline its main steps).

(f) Compute the stochastic differential of the process {S;} and hence derive a
stochastic differential equation for the process. Explain briefly why {S;}
is a diffusion and identify its drift and diffusion coefficients.

(g) Let ; = min{t > 0: S, > 11} and 75 = min{t > 0: S; < 9}. Explain
why 73, 7 = 1,2, are stopping times for the process, and then give a
mathematical argument showing that 7 = min{n, 72} is also a stopping
time.

(h) Use the Optional Stopping Theorem (without verifying its conditions) for
an appropriate martingale of the Brownian motion to compute E 7y. Using
the same theorem, what could you deduce about the value of E 7,7

l4+24+24+14+3+3+2+3=17]
Page 3 of 5




6. Let X1, Xs,... be independent identically distributed random variables with a
mean E X; = 2. Use the method of characteristic functions to show that

Ynzn‘Q(Xl+2X2+3X3+---+an)i>1 as n — 0o

(that is, similarly to the statement of the Law of Large Numbers, the random
variables Y;, converge in distribution to a constant).

Hint. Recall that, if ¢(t) = Ee*¥ is the characteristic function of a random
variable X with a finite mean y = E X, then, for any fixed t,

Ingp(et) = In[1 + (p(et) — 1)] = ipet+o(e) as € —» 0

(where, as usual, o(¢) denotes a quantity with the property o(¢)/e — 0), and
that 14+ 2+ -+ +n = in(n+1).

[4]

7. Suppose that the interest rate is modelled using the following stochastic differ-
ential equation (SDE):

dX, = (r—Xp)dt +dW;, t>0, Xo=r/2, (2)

where {W, };>0 is a standard Brownian motion process.

(a) Use the rules of It6 calculus to verify that X; = r + e ( fot esdWs —r/ 2>
satisfies the SDE and the initial condition from (2).

(b) Compute the mean and the variance of X, for a given t > 0.

(c) By quoting an appropriate result, give the distribution of X; for a given ¢.

(d) Write down the forward and backward Kolmogorov equations for the pro-
cess {X;}.

(e) One can show that the process {X;} has a stationary density 7(y), v € R.
Use the result of part (d) to write down an ordinary differential equation
for m(y). Solve the equation and hence derive the stationary distribution
of the process.

(f) Find the limit (as t — 00) of the distribution of X; you found in part (c)
and hence verify your answer to part (e).

B+2+2+2+2+1=12]
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8. A diffusion process {X;}:>o is given by the stochastic differential equation (SDE)
' dX, = —tX,dt + X, dW,, t>0,

with a non-random initial condition X = xp (as usual, {W;}+>0 is a standard
Brownian motion process).

(a) Use the SDE to obtain an ordinary differential equation for m; = E X, and
hence derive the mean function m; by solving the equation.

(b) Show that the process Y¥; = X? satisfies the SDE
dY; = 2(1 — t)Y; dt + 2Y, dW,.

(c) Use the SDE from part (b) to show that, if the process {Xi}:»o starts
at Xo = 0, then it remains there forever: for any ¢t > 0, X; = 0 with
probability one.

Hint. (c) Recall that if EZ? = 0 for a random variable Z, then Z = 0 with
probability one.

[4+2+4=10]

9. Let X; = Xo + W,, where Xj is an initial value, independent of the standard
Brownian motion process {W;};>¢. For @ < 0 < b, denote by

r=min{t >0: X;=aor X; =b}
the first time the process {X;}:>0 takes one of the two values a or b.

(a) State the ordinary differential equations (no need to derive them!) for the
functions

Viz)=P(X,=bXo=12) and U(z)=E{F|Xo=z), z€(ab),
and also state appropriate boundary conditions for the equations. Solve

the equations to find the functions V(z) and U(z).

(b) Verify your answers to the last question in part (a) above using the Op-
tional Stopping Theorem for the martingales {X;} and {¥; = (X;—z)?—t}
(assuming that X = z).

[6+3=9]
10. (a) Give a definition of the Brownian bridge process {X;}o<i<1-

(b) Compute (i) the mean function m; = E X; and (ii) the covariance function
Yt = Cov (X, Xy), 0 < s <t <1, of the Brownian bridge process.

[3+3=¢6]
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