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1. Consider a random experiment with sample space €.

(a) Write down the axioms which must be satisfied by a probability mapping P
defined on the events of the experiment.

(b) Using the axioms, show that,
(i) P@) =0,
(ii) for any event A, P(A°) =1 — P(A),
(iii) for any two events A and B, P(AU B) = P(A) + P(B) — P(AN B).

(c) (i) State what it means for two events A and B in a random experiment to be
independent.

(ii) Show that if A and B are disjoint and independent, and if P(B) > 0, then
P(A) =0.

[13 marks]

2. (a) Let A and B be events in a random experiment. State Bayes’ Formula for the
probability P(B|A).

(b) An employment agency uses a test to decide if applicants are suitable for a par-
ticular job. Suppose that if a person is suitable there is a probability of 0.8 that
the test will confirm this. If a person is not suitable, there is still probability of
0.15 that the test will say that they are suitable. Suppose also that the propor-
tion of individuals in the whole population who are suitable for the job is 1 in
25.

(i) What is the probability that an arbitrary person who the test says is suitable
for the job actually is suitable?

(ii) In the light of your answer to part (i), comment on the usefulness of the
test in selecting employees.

[5 marks|

3. In the Australian gambling game of “two-up”, two fair coins are tossed. If they are
both heads or both tails, then the game is resolved and people who have bet on
“heads” or “tails” (whichever comes up) collect their winnings (if you win a $1 bet
you get back your original bet plus an extra $1, that is $2). However, if there is one
head and one tail (that is, “odds” come up), the game is not resolved and the coins
have to be tossed again. In a series of tosses of two coins, let N be the number of
times that “odds” comes up before either “heads” or “tails” comes up.

(a) Giving your reasons, name the distribution of the random variable N and give
the value of any parameter(s).

(b) What the probability mass function of N?
(c) What is the expected value of N?

(d) In casinos, if “odds” comes up five times in a row, then the game is aborted
and the casino collects all bets that have been laid on either “heads” or “tails”.
What is the probability of this event?



(e) Assume that you bet $10 on “heads”. What is the expected value of the amount
that you receive back from the casino?

[9 marks]

(a) Consider the random variable X & exp(N).

(i) What is the range of possible values of the random variable Y = e¢=*X?

(ii) What is the distribution of Y7

(iii) Hence, or otherwise, explain how you would generate an observation on X

from an observation on U < R(0,1).

(b) The random variable X < R(—2,2) (that is X has a continuous uniform distri-
bution over the interval (—2,2)). If Y = X2, find the distribution function Fy (y)
of Y. (In your answer be careful to give expressions for all values of y € R).

[9 marks]

(a) Consider independent discrete random variables X and Y with probability mass
functions px(z) and py(y) respectively. Let Sx be the set of possible values of
X. Using the Law of Total Probability and justifying all your steps, derive the
expression

pz(2) = Z px(z)py (2 — x)

TESx
for the probability mass function pz(z) of Z = X + Y.
(b) Hence, or otherwise, derive the probability mass function pz(z) for Z = X +Y
where X £ Pn(u) and Y < Pn(\).
[7 marks|

6. Let X and Y have joint probability density function

kx O0<z<y<l1

f(X,Y) (% y) = {

0 elsewhere.

(a) Find k.

(b) Explain why X and Y are dependent (no calculations should be required).

(c¢) Find the marginal probability density functions of X and Y.
)

(d) For a fixed y € (0,1) write down the set of values of = for which fxy—,(z|y) is
noN-zero.

(e) Find fxjy—y(x|y) over the range that you derived in (d).
(f) Find E(X|Y).



(g) Find P(X <Y).

(h) Assume that someone who only knows the marginal densities mistakenly assumes
that X and Y are independent. What value will they obtain for P(X <Y ?

[14 marks]

7. (a) Consider the following two stage random experiment. In the first stage we choose
a coin at random from an urn. The urn contains equal numbers of two types of
biased coins whose probabilities of coming up heads equal 1/4 and 3/4 respec-
tively. In the second stage we toss the chosen coin n times and count X, the
number of heads. Let H be a random variable whose value is the probability

that the coin chosen in stage 1 comes up heads, so H can take the two values
1/4 and 3/4.

(i) Write down the pmf py(h) of H and hence find E(H), F(H?) and V(H).
(ii) Showing all your steps, find the random variables F(X|H) and V(X|H).
(iii) Hence, or otherwise, find E(X) and V(X).

(b) Now consider replacing the urn in Stage 1 of the experiment by a device which

produces a coin with (random) probability of coming up heads H < R(0,1) ie
uniformly and continuously distributed on the interval (0, 1).

(i) Find the conditional pgf Py u(2)

(ii) Hence, or otherwise, find the pgf Px(z). Name the distribution of X and
give the value of any parameter(s).

[14 marks]

8. Consider two independent, non-negative, integer valued random variables X and Y,
with probability generating functions Px(z) and Py (z) respectively. Show that the
probability generating function of W = X +Y is given by Py (z) = Px(z)Py(2).

[5 marks|

9. In this question, you may use the fact that, for s > 0,

['(s) = /Ooo e "utdu., (%)

For non-negative integer r, a random variable X that has the Chi-square distribution
with r degrees of freedom has a probability density function

/21 p=x/2
f(z) = (/222

(a) For what values of ¢ is the moment generating function Mx () of such a random
variable X defined?



(b) Derive Mx(t). (Hint: You will need to use an appropriate integral substitution
to reduce the integral to something that looks like the right hand side of (*)).
(c) Calculate the mean and variance of X.
[7 marks|

10. (a) Consider the Branching Process {X,,,n =0,1,2,3,...} where X, is the popula-
tion size at the nth generation. Assume P(Xy = 1) = 1 and that the pgf of the
common offspring distribution N is

(i) Express A(z) as a power series and hence find P(N = 6).

(i) If ¢, = P(X,, = 0) for n = 0,1,..., write down an equation relating ¢, 1
and ¢,. Hence, or otherwise, evaluate ¢, for n = 0,1, 2.

(iii) Find the extinction probability ¢ = lim,, ., ¢y.

e weather in Markovograd is a discrete time Markov chain on the states {1 =

b) Th ther in Markovograd is a discrete time Markov chai the states {1
‘perfect’, 2 = ‘average’, 3 = ‘miserable’} and with transition probability matrix
P given by

0.7 03 0
0.5 04 0.1
0.1 0.3 0.6

If Thursday is ‘average’ what is the probability that
(i) Saturday is ‘perfect’,

(ii) Sunday is ‘perfect’,
(iii) both Saturday and Sunday are ‘perfect’.
[16 marks]

End of the exam
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